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1. Context

1.1. Control design methods

Control design method

Model G, Formulas for Predicted
(form, identification) control settings quality indicators

Ziegler-Nichols tuning method

Model G, Formulas Quality indicators
ko K,=0.9 T,/ (k-To) Quarter-Decay Ratio
T st lneen T:=3.33 T, (QDR)
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1. Context

1.2. Quality of CSM and CSP

Plant
(Gp)

Identification

>

Model
(Gnm)

1

Control settings

—»?—» C Gm
x* ke 7 T:c

¥ CSM

Quality indicators of CSM

Control System on the Model
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1. Context

1.2. Quality of CSM and CSP

Plant
(Gp)

l Model
Identification (Gnm)
CSP Control settings

— C —»
x* ke 7

Quality indicators of CSP

Control System on the Plant

—»?—» C G
x* +_ e T _T_;

¥ CSM

Quality indicators of CSM

Control System on the Model

—
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1. Context

1.3. Forms of models

Aidan O’Dwyer, Handbook of PI and PID controller tuning rules, Imperial College Press 2009

Table 1. Models used in the design of control systems

FOTD SOTD | Other stable Non-model Models with an | Unstable Total
Model type : :
models specific integrator
Bumbice oL 649 291 103 169 339 182 1731
methods
FOTD Gm (S) = € or G,(s)=k— e
]; S +1 T s+1
. k
Strejc model G, (s)= -
(Ts +1)

—
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1. Context

1.4. Identification of models

Plant (G,)
Idr l Idr> Idml Idszl
k 5T k T, k k
E— cen
T .s+1 T, ,s+1 (T,s+1D)™ (T,s +1)"
v Y Y Y
Ky, T, (Ta1) K2, To, (Tn) Kysi1, Tis2, (Tas2)| | Kps2, Tis2, (Tasz)
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1. Context

1.4. Identification of models

FOTD model Tangent method
k T,
=T e

m
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2. What is a problem?

Analytical calculation of FOTD parameters

k

Strejc model G, (s)=
Ts+1)"

Model response Plant response

h(?)

—
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3. What we have?

3.1. Step response of the Strejc model

h(t)=k|1- L et
= (i —-DIT™

) k n-1_-ot
g(t)=h(t) = TR t"e

(the derivative function of step response)

W—
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3. What we have?

3.2. Parameters of step response

Inflection point:
t, =(n-1T

1 (n—l)“]

h, =h(t,)= k(l 2 G

Tangent line:

y=R-t—a

(n—-1)""

R=g(t,)=k
glty) (n—Dle"'T

—
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3. What we have?

3.2. Parameters of step response

Inflection point:
t, =(n-1T
B B 1 & (n-D"
Tangent line:
vy=R-t—a
n—1
QL A R=gl(ty)=k (n_l)n—l
T, T, t,-T, (n—1)e"'T

—
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3. What we have?

3.2. Parameters of step response

Inflection point:
tp = (n—-DT
_ T &m-DT
h, _h(tR)—k(I oD Z (i1 ]

T, and T|, parameters 1n the step response of the Strejc model

k I n—1
Tm 1 kTm T > where: kTm T (n 1)!e—l
R (n=1)"
’ (=)' =D (=Dl o (=D

T,=t,——=k,,T ,where: k, =
0RO 0 (n—1)"" = (-1
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4. My proposal

4.1. Simplification

Accurate formulas:
. ] n—1
(n—1)le T
(n . l)n—l

T, =k T =

(n—1)" —(n-1e"" +(n-1!S,_,
(n-1""

1, :kTOT:

Assumptions:
 simplify formulas
* accuracy for small n

—

Analytical conversion of the Strejc model to the first order with time delay (FOTD) model ‘g’g Wroclaw University

of Science and Technology



4. My proposal
4.2. Simplification methods

1) Analytical formulas that simplify expressions

20

2) Optimization with simple functions

2 4 6 B R gp 0O

3) Classical interpolation of functions in the assumed range of n values
() F(mg) . Em)ag| [ f(n)] (ng, ny, ..., n;) — nodes of interpolation
Fy(m) Fm) ... FMm)|a| | f(n) B(n) = [Fy(n), Fy(n), ... F,(n)] - base of functions
= = - A=layay, ..., a,|' —vector of coefficients
L Fo(m) B(m) e B JLa ] [f(m)] aFo(n)+aFyn)+...+aF (n)— interpolating polynomial
—f _ —v! n;) — value from accurate formulas
VA=f— A=V f :

4) Approximation in the assumed range of n values

Levenberg-Marquardt algorytm (LMA) (Mathematica)

(ng, ny, ..., ny) — nodes of interpolation
B(n) = [Fy(n), F|(n), ... F(n)] — base of function

Analytical conversion of the Strejc model to the first order with time delay (FOTD) model ‘ y | Wroclaw University
15 - of Science and Technology



4. My proposal

4.3. Formulas for calculating T,, and T,

on the base T and n

Analytical conversion of the Strejc model to the first order with time delay (FOTD) model

Various variants of functions and nodes were examined.

The three sets of formulas were selected, hereafter referred to as:

* easy — solutions obtained in the simplest way (substitution of analytical formulas)
* use — solutions proposed for use in design methods

* best — solutions with a wider range of application

. Analytical conversion of the Strejc model to the first order with time delay (FOTD) model ‘ § | Wrodaw University
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5. Simplified formulas

5.1. Time constant T, =k, T

Symbol Formula Methods of simplify
p )™
1) Kasim T = % Accurate formula
(n i ]) "=
2)k=1 easy |k;, = 27(n-1) Stirling formula nlx +/2m1 -n" / &”
f -
3) okal kr,=1.011+ j’)‘_ ] - of27(n — 1) |Optimization ka (&, = &, -.22(:—-1) )
\ 2x
4) ok.2 kr, =1.011+ s ] . [2m(n—1) |Optimization ka (&, — &, - [22(2-1))
e
5
5) oka3 kr, =102+ V). f27(n—1) |Optimization ka (g, = &, -/ 22Gz-1))
6) k2 wuse |kp, = [:a] +ae " ] f2m(n—1) Interpolation ki (n =[2.6]). @ = [1.016, 0.509]
7) ka4 kr, =lag +ay/n)-AJ2m(n-1) Interpolation ka (n =[2.6]), @ = [0.983, 0.203]
8) ikt ky, =a,+an—-1 Interpolation krm (1 = [2,6]), a = [0.307, 2.412]
9) aktm5 kp,, =a,+an-1 Aproximation kr. (n = 2+10), a = [0.249 ,2.442]
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5. Simplified formulas

5.1. Time constant T, = k;. T (chosen)

R N [ ] () S

...............

. :

— k5 ;

'5?(---\. ----- T-==-" i T T I|'L|.__«. 1 )
: ak, & i

4 : ' :
= 10

Symbol Formula T Toin
ROt 31 SR
(n—l)!fr"_l : : | ‘ : sim |}
'.'..-]IE-” ii{eg:u:-] Tm == T oaama T "_:_ ; : —'—:' ——re] HEE : .
i O —_—— T " ' i
(n-1) 4
T Rhr SET B o SR SRS R
easy (ke=1) |kp, = 27(n—1) £ T , ' , : :
088} ---- T2 R W SURUNE | NP O | DR
— ffr;:-::[ﬂﬂ"‘ﬂie_nj'v'zm:f?—lj 17 W O U, -SSR, S S WO . S|
use (1kz2) R ; : ' . ' ; .
a=[1.016, 0.509] ! : ; : : I : .
.jgz M i i M i i
2 3 4 5 1] 7 8 9 2

W—
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5. Simplified formulas

5.2a. Transport delay T, = kT

Symbol Formula Methods of simplify
(=)=l DA™ e ln= TR 3 sl 7 22 |
1) kosim kro = "= |Accurate formula, S,_; = -
) TO -1 : é (i—1!
Maclaurin series: S, , ~e"" —k R,
(n—1)(n—k,) )
kpo = (=1
n Lagrange rest: R, =k :
.
2) ok:1 k,=1251+e ")Wn-1 Optimization .
3) ka5 k., =a,+an-1 Interpolation &, n =[2,6], a = [0.474, 0.963]
4) ik.6 wuse k =a,+ ﬂlafi? Interpolation k., n = [2,6], a = [-0.189, 1.149]
5) ak,5 k. =a,+an-1 Aproximation /5, n = 2+10, a = [0.345, 1.032]
6) aka6 k. =a,+a-~n Aproximation k., n=2+10, a ~[-0.236, 1.172]
7) ikro8 easy |k;, = a,n+ ﬂl-\fﬁ Interpolation km, n =[2.6], a = [0.916, —1.096]
8) 1kro89 kry=a,(n=1)+a,yn-1 Interpolation km, n = [2.6]. a = [0.789, —0.507]
9) akro8 kpo = an+a;/n Aproximation kr, n=2+10, a ~ [0.968, —1.213]
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5. Simplified formulas

5.2a. Transport delay T, = k,, T (chosen)

Ozim' 0 TO

1.05 ! zi_"' g o, 5 E : E ki}: -
N Teeian : : ok, |
fii“‘:f: e B e i - <5 LR
e T aour . SRR Ty 0
0.35 Jg'; M .. By T
ogl-- e Loz s I et T sk B
’ ’Z ' — kB
':'-55"-)6'-'\. ---- b ke s S S s T ======- ikma 1
gall 4 0 b b [l
2 3 4 5 i} T ] ) 10
Symbol Formula To/ Tosim
: (n—D" —(n—Dle™* +(n=1'S, . ; . ! : sim |
sim (koeim) |fzg = — = . . : : | T
(-1 e e e s e SO casy |1 |
casy (ikro8) |kpo = an+ a,+/n.a=[0.916,-1.096] NS R R . N e (e SR
A s T
(n—1)(n-k,) aghecethoniine sl Sansdus!
use (iki6) Kro = n K =4, Tal\/}? 1
a=[-0.189, 1.149] | os . . —
2 3 4 5 & 7T & 98 1w
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5. Simplified formulas

5.2b.Ratio T,/ T,

Symbol Formula Methods of simplify
1) kTomsim Accurate formulas
2) ikToml kro, =y +an Interpolation krom, 7 = [2,6], a = [-0.091, 0.097]
3) ikTom5 kron =0y +an—1  |Interpolation krum, n=[2.6], a = [-0.212, 0.315]
4) ikTom6 kro, =@y + a0 Interpolation krom, n = [2.6], a ~ —0.429, 0.376]
5) aikTow6 Kpom =0y + QNN Aproximation krm, n=2+10, a = [-0.447, 0.385]
6) ~ikTou6 best |k, =a, +a,n Interpolation krom, n = [2.6]. @ = [-0.428,0.377]
6) ~akTom6 kro, =g +an Aproximation krom, n = 2+10, a ~ [-0.44, 0.38]

10
—
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5. Simplified formulas

5.2. Transport delay T, (chosen)
To=kigT Or Tyg=Kkpy, T,

Symbol Formula
T T
: (n—D" - (n-De" " +(n-DS, ;4 LT i fom a4 e i e Y
511 {i\:_"_w_,_} ﬁ.'iru = =1 = E i i E E ST E
nb el e
i il AR SR (i P easy ||
easy (ikro8) |k;, = an+a;+n.a=[0.916,-1.096] Mo h:h*‘«.j b= = best |
et T R e e
(n—1)n-k,) s T S i
L Kro = .k, =a,+aJn : : : | S S
1use iliir_f_)] 1o 71 o 0 'IJ_ i ' i ! ' ' i ! '
a=[-0.189,1.149] | | i i 0 i b
_# - g - y SR N N L
best (1kTom6) Krom =dq + al\/;i .a=[-0.428,0.377] 2 T 5 8 T 2 3 10
plus T, (use)
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5. Simplified formulas

5.3. Conversion (T, n)»(T,,T. )

Set I;u = kTmr T'I] = kT{IT lllb IH'I:I = kT{Ime
sim ~(n=Dle™ (n-1"—(n—-Dle™ + (n-DIS, " (n—1)""
Tm ~—  , aem1 kﬂ'ﬂ = 1 » Sn—l = Z——f
(n—1) (n-1) = @G-

ko = a,n+ aﬂ/ﬁ

a~[0.916, —1.096]

use kTm = [ﬂ'.'u +{2'1€_":]- »”EFI'{I?—].} kT{I = (ﬂ _ 1)(” _ k") 4 k" = ﬂ{l +a1\/_;;

" kTm = EFI'I:}'} _l}

- ) M
-~ [131'.{:] [:-'.F'[:-'f'a'] as [—D.IBI.‘;'. 1.1—1-‘:']
best K = [.‘-’Iu +ae” ] §2m(n—1) Krom =0y + ﬂl‘f}_t
e a=[1.016, 0.509] a~[-0.428, 0.377]
T Tod Tas
LR e T o S LLannr R S e e
E E : E E sim _E : E E E i sim |
e ——— e ——aEe & =) R SR S ey -
i ; 1 i sasy |4 pfe mRL] ' ! I s e s
BBE |- g R L i e L LI R R e -
L : ; e i o e e
:I:r‘ ----- ::"-____T _____ | e DSt o § Eaveh s T e e R ': E : : hhhhhhhhh JI'
I’E E :IjF _____ |3 T S 'i' ----- o e e e 3 e S s T e e Pl e 1
':I_El‘-------|-----+-----|------|-----+-----|—-----|-----1I :
-:1,5-22 ; P : 2 n = G :| :Ijz 2 4 5 & T 3 5 o
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6. Application

6.1. Control project (PID tunning)

Strejc model Analytical Model - - .
G,) conversion: ~ AL ) Ziegler-Nichols tuning method
f ] TH,
:"-.]:Odel {:1:|;:
' FOTD, tangent method
CRP Control settings
Formulas
—=®— C == Gp T;_ x—';?? C e Gm T; Ep=09 Tm/ (k-Ta)
: = T:=333 T,
Quaiy miatorn ol GAM Quality indicators
Quarter-Decay Ratio
(QDR)

QDR: B/A <0.25

P
(=]
]
E----- I | A N,
]

"o 20 Py 8 %0 100 80 100 120
(n: 23 .. 9 10)
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SettlingTime

DR

6.1. Control project (PID tunning)

6. Application

easy - - - -
use — —
best- . - .

s1m
of Science and Technology
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6. Application

6.2. Control project (PID tunning)

Strejc model Analytical | Model ICHR tuning method
(Gp) conversion (Gm) Model G
FOTD, tangent method

CSP Control settings

/ \ CSM Formulas

E,=0.6 Tm {k Tﬂ}
* +®_- C r

S—— - o G —_— 3 - &
x o - X x +j€ u = |I Ti=Tp

Quality indicators of CSP Quality indicators of CSM Quality indicators
- Overshoot 20%

W—
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best - .
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6. Application

6.3. Identification of Strejc model

h(®)]
G, (s) = 2
m n
(Ts +1)
a
Id1) Measurement of 7, and 7,,, and table
" 2 3 4 5 6 7 g 9 10
T,/T, (0104 (0218 0319 [0410 [0493 0570 0642 (0709 [0773
/T |1 2 3 4 5 6 7 g 9
hg 0264 |0323 0353 |0371 [0384 (0394 (0401 |0407 |0413
: .. 27R*t 1% lp
Id2) Measurement time ¢, and slope R, and the Stirling formula: » =1+ — TI'=
k n—1

Id3) Measurement of 7, and 7, and simplified formulas

I;n = I‘-Tjw T

T'D = kTﬂm

T

m

best

kTm = [% + "‘r“rle_" ] 3 2:"1-{” T 1}

a~=[1.016, 0.509]

Krom = o +c13n.

¢~ [-0.428, 0.377]

Analytical conversion of the Strejc model to the first order with time delay (FOTD) model
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m

m

2
T _
_0: CO + CI\/; —l n= TO cOTm
T ¢,

T = L
\J27(n—1)
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6. Application

6.3. Identification of Strejc model

ol _ 7.93(4s +1)
(40395 + 1)(5.14s + 1)(2.265 + 1)

e SRR L L R A L PR TR Rt e g S P o A e S e L e R L L M e L L |
1 1 2 1 1 1 1 1

. 15 i :
1 L] 1 1 1 1 1 1

i . s . 7 ; . i . i .
< 7o) I U~ U . .~ P O S
: i ; i . . i 5 .

i : b ; i i i :

;
| 1 1 1 1 1 1 1 1 1

S e |'_./P/' """ B T o T e R e o T T i e e s L T s D L s o I T T i
1 1 1 1 1 1 1 1 1

o LT T TRy LB e SR EREEE e sgeasEeas [T

i ) ] ' ] ) . . ' ' .
R e T LT T
1 1 1 1
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6. Application

6.3. Identification of Strejc model

L 3.97
(40.39s +1)(5.14s +1)(2.265 + 1)

G30

____________________________________________________________________________________________

______________________________________________________________________________________________
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6. Application

6.3. Identification of Strejc model

h(r)A

k
(Ts +1)"

GTH (S) =

Id1) T, and 7, and table

Id2) Time ¢, and slope R, and the Stirling formula:

Pl h(t
2R ‘e ant> h(?)
n=1+ PE T = " To IR k
n J—
T, hr a
Id3) 7,y and T, and the simplified formula: l Id3 lldz
h-cly) 7-__ Lo 1d3
n=|——— T ko > k
e,T, V27 (n—1) e
T,s+1 i (Ts +1)"
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Conclusion

We can perform analytical conversion of Strejc model to FOTD model

Set T =k T =k T Wb T,=k, T,

; 1 n 1 " i—
sim - (n—1)le 1 ey = (n—-1"-(n-1le 1+ (n—=1S,,  Fapy (n_— |
g (n—-1)" (n—-1)" = -1

k.o=an+a JE
;:?S-_}r_ k Tm = ’\fm T ’ '
a=[0.916, —1.096]

- ) n-1)n-=k
use kTu-J = [ﬂﬂ +ae ] ».,hIEFI'I:H—l} kT{I = ( )(” ") 1 ﬁ(" = a, +g‘1\/_;;
— — = g % n

a=[1.016, 0.509] a~[-0.189, 1.149]
best kTm = ['EIEI +a1€_".]' \,Efr(n—l] kfﬂm aﬂ + ﬂlvi_ (T n ) P (T T )
s a=[1.016, 0.509] a=[-0.428, 0.377] 0

The next problems to be developed are:
— conversion of any » order inertial model (no formula for inflection point)
— adaptation of choosen control design methods to different models

Analytical conversion of the Strejc model to the first order with time delay (FOTD) model

accurate

simplified

simplified

simplified
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Analytical conversion of the Strejc model
to the first order with time delay (FOTD) model
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